In this paper, the bending and the free flexural vibration behaviour of sandwich functionally graded material (FGM) plates are investigated using QUAD-8 shear flexible element developed based on higher order structural theory. This theory accounts for the realistic variation of the displacements through the thickness. The governing equations obtained here are solved for static analysis considering two types of sandwich FGM plates, viz., homogeneous face sheets with FGM core and FGM face sheets with homogeneous hard core. The in-plane and rotary inertia terms are considered for vibration studies. The accuracy of the present formulation is tested considering the problems for which three-dimensional elasticity solutions are available. A detailed numerical study is carried out based on various higher-order models to examine the influence of the gradient index and the plate aspect ratio on the global/local response of different sandwich FGM plates.
Introduction
With ever-increasing demand for high strength-to-weight ratio materials, the engineered materials have been replacing the conventional materials in automotive, nuclear and aerospace industries. In general, most of the engineered materials are inspired from nature. A new class of materials was introduced by Japan scientists [1] to decrease the thermal stresses in the propulsion materials. Das et al., [6] have investigated a sandwich consisting of FGM soft core with relatively stiff orthotropic facesheets employing triangular plate element. Ganesan et al., [7] studied static and dynamic response of FGM plate with viscoelastic core, whereas Shen [8] examined FGM sandwich plates with piezo-electric core subjected to thermo-electro-mechanical loading. Zenkour [9, 10] studied analytically the static and dynamics of sandwich FGM plates with homogeneous hard core using sinusoidal shear deformation theory. Li et al. [11] have presented three-dimensional analytical solutions for multi-layer FGM sandwich plates based on Ritz method in conjunction with Chebhyshev polynomial series. It is observed from these studies that firstorder, third-order, and sinusoidal shear deformation theories have been extensively used for the analysis of sandwich FGM plates. However to author's knowledge, the theories accounting the variation of in-plane displacement through the thickness, and the possible discontinuity in slope at the interface, and the thickness stretch affecting transverse deflection is not exploited while investigating the structural behaviour of FGM sandwich structures. A Layer wise theory is the possible candidature for this purpose, but it may be computationally expensive as the number of unknowns to be solved increases with the increase in the number of mathematical or physical layers. Ali et al. [12] , and Ganapathi and Makhecha [13] have employed a new higher-order plate theory based on global approach, for multi-layered laminated composites by incorporating the realistic through the thickness approximations of the in-plane and transverse displacements by adding a zig-zag functions and higher-order terms, respectively. This formulation has proved to give very accurate results for the composite laminates. Such model for the current problems is now explored as a candidature while comparing with the threedimensional model. In this paper, a C o 8-noded quadrilateral plate element with 13 degrees of freedom per node [13, 14] based on the higher order theory [12] is employed to study the static deflection and the free vibration analysis of thick/thin sandwich functionally graded material plates. The efficacy of the present formulation, for the static analyses subjected to the thermal/mechanical loads and the free vibration analysis is illustrated through the numerical studies. The accuracy of the present element with those of the other two-dimensional numerical/analytical models and the three-dimensional elasticity analysis are discussed considering various parameters. The paper is organized as follows. The next section will give an introduction to the FGM and a brief overview of the higher order theory. Section §3 describes the 8-noded quadrilateral plate element used in the current study. Section §4 present numerical results for the static deflection and the free vibration of thick/thin sandwich FGM plates, followed by concluding remarks in Section §5.
Theoretical Formulation

Functionally graded material plate
Consider a rectangular FGM plate with co-ordinates x, y along the in-plane directions and z along the thickness direction as shown in the Figure 1 . The material is assumed to be graded only in the thickness direction according to a power-law distribution. The homogenized material properties are computed using the rule of mixtures. 
Estimation of mechanical properties
The effective material properties for each layer, viz., Young's modulus, Poisson's ratio and the mass density is estimated by the following power-law function:
Here, V i (i = c, m) is the volume fraction of the phase material. The subscripts c and m refer to the ceramic and the metal phases, respectively. Note that P m and P c are the properties of the metallic and the ceramic phases, respectively. The volume fractions of the ceramic and the metal phases are related by V c + V m = 1, and V c is expressed as:
where n in Equation (2) is the volume fraction exponent, also referred to as the gradient index in the literature. The properties of the FGM plate vary continuously through the thickness based on a power-law function, given by Equation (1) . In this study, the following two types of power-law FGMs are considered.
Type A -FGM face sheet and homogeneous hard core
In this case, the volume fraction of the FGMs is assumed to follow
where V i (i = 1, 2, 3) is the volume fraction of layer i and n is the gradient index. The core is considered as a fully ceramic material. The top and bottom surfaces of the plate are metal-rich.
Type B -Homogeneous face sheet and FGM core
The core is considered as a functionally graded material. The top surface of the plate is metal rich and the bottom surface of the plate is ceramic rich. Figure 2 shows the variation of the volume fractions of ceramic and metal, respectively, in the thickness direction z for the two types of sandwich FGM plates considered in this study.
Plate formulation
The sandwich FGM plate is assumed to be made up of three discrete layers. The material properties for k th layer is governed by Equation (3) or Equation (4). The in-plane displacements u k and v k , and the transverse displacement w k for the k th layer, are assumed as [12, 14, 13] :
The terms with even powers of z in the in-plane displacements and odd powers of z occurring in the expansion for w k correspond to the stretching problem. However, the terms with odd powers of z in the in-plane displacements and the even ones in the expression for w k represent the flexure problem. u o , v o and w o are the displacements of a generic point on the reference surface; θ x and θ y are the rotations of the normal to the reference surface about the y and x axes, respectively; w 1 , β x , β y , Γ, φ x and φ y are the higher-order terms in the Taylor's series expansions, defined at the reference surface. ψ x and ψ y are generalized variables associated with the zigzag function, S k . The zigzag function, S k , as given in [15, 13, 16] , is defined by 
where z k is the local transverse coordinate with the origin at the center of the k th layer and h k is the corresponding layer thickness. Thus, the zigzag function is piecewise linear with values of -1 and 1 alternatively at different interfaces. The 'zig-zag' function, as defined above, takes care of the inclusion of the slope discontinuities of u and v at the interfaces of the sandwich plate as observed in the exact three-dimensional elasticity solutions of thick sandwich functionally graded materials. The main advantage of using such formulation is that such a function is more economical than a discrete layer approach [17, 18] . The strains in terms of mid-plane deformation, rotations of normal and higher order terms associated with displacements are:
The vector ε bm includes the bending and membrane terms of the strain components and vector ε s contains the transverse shear strain terms. These strain vectors are defined as [12, 13, 14] :
where,
and,
The subscript comma denotes partial derivatives with respect to the spatial coordinate succeeding it. The constitutive relations for an arbitrary layer k can be expressed as:
where Q k is the stiffness coefficient matrix defined as:
where the modulus of elasticity E(z) and Poisson's ratio ν(z) are given by Equation (1) . The governing equations of motion are obtained by applying Lagrangian equations of motion given by:
where δ i is the vector of degrees of freedom and T is the kinetic energy of the plate given by:
where ρ k is the mass density of the k th layer, h k and h k+1 are the z coordinates corresponding to the bottom and top surfaces of the k th layer. The total potential energy function U is given by:
where q is the distributed force acting on the top surface of the plate. Substituting Equations (16) and (15) in Equation (14), one obtains the following governing equations for static deflection and free vibration of plate.
Free vibration
where M is the mass matrix, K is the stiffness matrix and f is the external force vector. In the present study, while performing the integration, terms having thickness co-ordinate z are integrated with higher order Gaussian quadrature, because the material properties vary continuously through the thickness. The terms containing x and y are evaluated using full integration with 3 ×3 Gauss integration rule. The frequencies and mode shapes are obtained from Equation (18) using the standard generalized eigenvalue algorithm.
Element description
In this paper, C o continuous, eight-noded serendipity quadrilateral shear flexible plate element with 13 nodal degrees of freedom (u o , v o , w o , θ x , θ y , w 1 , β x , β y , Γ, φ x , φ y , ψ x , ψ y : 13 DOF is used). The finite element represented as per the kinematics based on Equation (5) is referred to as Q8-HSDT13 with cubic variation. Interested readers are referred to the literature [13, 14] , where the behaviour of the element is described in detail. The element is shown to be free from locking syndrome, absence of spurious energy modes, passes patch test and exhibits faster convergence [13, 14] . Three more alternate discrete models are proposed to study the influence of higher-order terms in the displacement functions, whose displacement fields are deduced from the original element by deleting the appropriate degrees of freedom. These alternate models, and the corresponding degrees of freedom are listed in Table 1 
Numerical results and discussion
In this section, we present the static response and the natural frequencies of sandwich FGM plates using the eight-noded shear flexible quadrilateral element. The effect of plate aspect ratio and gradient index are studied. In this study, only simply supported boundary conditions are considered and are as follows:
where a and b refer to the length and width of the plate, respectively. The FGM plate considered here consists of Alumina and Aluminum. The mass density ρ and Young's modulus E are: ρ c = 3800 kg/m 3 , E c = 380 GPa for Alumina and ρ m = 2707 kg/m 3 , E m = 70 GPa for Aluminum. Poisson's ratio ν is assumed to be constant and taken as 0.3 for the current study. Here, the modified shear correction factor obtained based on energy equivalence principle [19, 20] is used for the FSDT model. The transverse shear stresses are evaluated by integrating the three-dimensional equilibrium equations for all types of elements. For the current study, three different core thickness (1-1-1, 1-2-1, 2-2-1 ) for both Type A and Type B sandwich FGM plates, three thickness ratio a/h (5,10,100) and four gradient indices n (0,0.5,1,5) are considered.
Static analysis
The static analysis is conducted for Type A FGM sandwich plate. The following two types of loading are considered: where q o and T o are the amplitudes of mechanical and thermal loads, respectively. The physical quantities are nondimensionalized by relations:
for the applied mechanical load and by:
for the applied thermal load, where the reference value is taken as E o = 1 GPa, S = a/h and E m , α m are the Young's modulus and the co-efficient of thermal expansion corresponding to the metallic phase. Based on a progressive mesh-refinement, an 8 × 8 mesh is found to be adequate to model the full FGM plate for the present analysis. Before proceeding to the detailed analysis of the static response of the FGM sandwich plate for the applied mechanical and thermal loads, the present formulation is validated considering the problems for which three-dimensional elasticity solutions are available. In Table 2 the converged displacements and stresses obtained for the Al/SiC functionally graded square plate under mechanical loading is compared with the three-dimensional elasticity solutions [21] . Tables 3  -4 for an applied mechanical load and in Tables 5 -6 for an applied thermal load. It is inferred that with increasing gradient index, the non-dimensional displacements and stresses increases, whereas, the displacements and the stresses decreases with increasing core thickness. This is attributed to the change in the flexural stiffness of the plates due to the increase in metallic and ceramic volume fractions. Furthermore, the displacements/stresses predicted at the neutral surface using HSDT11 and HSDT13 are somewhat different from those of HSDT9 and FSDT5. However, the latter models cannot predict the through thickness variation of displacements/stresses. Through the thickness variation of displacements and stresses for 1-2-1 Type A FGM sandwich plate is shown in Figures 3 -4 for different models proposed in this study for mechanical and thermal load cases, respectively. For mechanical loading case, the higher-order (HSDT13 and HSDT11) and lowerorder models (HSDT9 and FSDT5) yield almost similar results. The main difference among the higher-order elements is in accounting for the slope discontinuity in the in-plane displacements through the thickness, whereas, it is the inclusion of variation up to cubic in the in-plane displacements among lower-order elements. Since the material properties are smoothly varying through the thickness in FGM plates, there is no variation in the evaluated results seen among the higher-order and lower-order models. However, the performance of these types of elements are significantly different for thermal case (see Figure 4 ), in particular, stress variation and this can be attributed to the variation of the coefficient of thermal expansion in the thickness direction. This effect is captured due to the presence of linear/quadratic terms in lateral deflection. 
Free flexural vibrations
Next, the free vibration characteristics of FGM sandwich plate is numerically studied. In all cases, we present the non-dimensionalized free flexural frequency defined as:
where ω is the natural frequency, ρ o = 1 kg/m 3 and E o =1 GPa. Before pro-ceeding with the detailed study on the effect of gradient index and the type of sandwich FGM plates on the natural frequencies, the formulation developed is validated against available three-dimensional elasticity solutions [11] . Based on a progressive refinement, a 8×8 mesh is found to be sufficient to model the sandwich FGM plate. Table 7 gives a comparison of the first six computed frequencies for a simply supported square Type A FGM sandwich plate. It can be seen that the numerical results from the present formulation are found to be in very good agreement with the existing solutions. Tables 8 and 9 gives the fundamental frequencies for Type A and Type B sandwich FGM plate for three different thickness ratios and for different core thickness, respectively. It can be seen that the natural frequencies decreases with increasing gradient index for Type A and the natural frequencies decreases with decreasing gradient index for Type B FGM sandwich plate. This can be attributed to the decrease in the material rigidity. In the case of Type A, as the gradient index increases, the metallic volume fraction increases, thus decreasing the overall stiffness of the plate. In the case of Type B, decreasing the gradient index, decreases the metallic volume fraction and increases the material rigidity. It can be seen that, in flexural mode 1, the transverse displacement w is not uniform at the chosen locations, thus, exhibiting the existence of normal stresses in the thickness direction. In flexural modes 2 -6, the deflected shape retains the thickness at (a/2, b/2, z), whereas the thickness of the plate is compressed at the other location, i.e., at (a/4, b/4, z). It can be seen that the variation of the in-plane displacements (u, v), in general, linear or nonlinear in some higher-order models, irrespective of the types of modes.
Conclusion
FGM sandwich plate bending and free vibration analyses are carried out considering various parameters such as the material gradient index, the sandwich type and the thickness ratio. Different plate models are employed in predicting the physical behaviour and their through thickness variations in the plate. The accuracy and the effectiveness of the higher-order models (HSDT13 and HSDT11) over the lower-order theories have been demonstrated considering problems for which analytical/numerical results are available in the literature. It may be concluded that the HSDT13 model predict accurate results for any type of sandwich construction whereas other type of models depend on the type of sandwich plate and loading situations. 
